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14.1 Imtroduction

Thi lectire 1s the seeond part of a serbes deseribing how the visihility samples provided by an interlero-
metirk: deviee can be used to produce a high quality Image of the sky.

WirE Is a regularized Fourler synthesls method recently developed in radio Imaging amd optical inter-
fergmetry. The mame of WiPE s assoclated with that of CLeay, the wellknow n decomeolution metlod
prsented In the previous lecture, amd Intemsively wsed by astromomers at [rast as well as in many Isil-
tutes, workdwlde.

The regularkation principle of WirE refers to the Shannon sampling lormula and to theoretical consid-
erations related to multiesolution analysk. The nothons of leld and resolution appear via the definiiion of
two key spaces: the olgec! space and the objedd representation space (a subspace of the first). The comple
visihilitles define a Tunctlon In amotler space: the dala space The lunctions lylng in thes space take their
values on a frequency list which Is the ¢oncatenation of the erperimental frepueney list and a requilariza-
tion frequency lst. The latier defines a virtual frequency coverage heyond the frequency ooverage lo be
synibhes ized, up 1o the highest Treguencies of the scaling functions generating the object space. Thi virtual
sampling Is performed at the Shammon rate corvesponding o the syntheszed feld. The reconstrecied
Image, alao called the meat map, 18 defined as the lneton minmizing a regilarkzed objective Tunetlonal in
which tle data are damped appropriately. To deseribe WirE we adopt a terminolegy derlved rom that
ol CLEAN.

In this lecture, we present the hasle foundations of WirE, and lis implemeniation in the Iias data
pmoessing soliware. The reader Interesied In the theometlcal aspecis and developments of Wire k lnvited
to consult the articles [Lannes et al 1994], |Lannes et al 19946], |[Lannes et al 1997].
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148 CHAPTER 14, ADVANCED IMAGING METHODS: WIPE

14.2 Object space

In the problems of Fourler syntlesls encountersd 1o astronomy, the oljecd funcion of nterest, &, s a
real-walued lmetion of an angular positlon varlahle o = x = [2,3) The geomeirical elemenis wnder
conslderation are presented In Flg, 14.1.

Figure 14.1: Traditlonal coordinate systems used to express the melation between the complex visibilities
and the brightmess distribution of a souree under observation. Here, the two antennas A; and A point
toward a distant radio souree In a directlon Indicated by the unit vector 8, and b s the nterferometer
haseline veetor. The position pointed by the unlt vector 8, s commonly meferred to as the phase trackng
center or phase reference posilion: & — 8, =o.

The olgect model vardable o les In some objecd space H, whose vectors, the lunctions ¢, are defined
at a high level of resplution. This space Is characterised by two key pammetes: the extenslon A of iis

fleld, amd s resolition scale dr. To define this object space more eopliclily, we st Introdece the Anite
erid [mee Fig. 14.2):

N N
G=LxIL, L={pEE:—E£p5§—l}, (14.1)

wihere N s some power of 2.
On each pizel pdr(p € &), we then center a sealing function of the form

eplX) =eglx —pdz)  with  gy(x) =s.]m:{i]s.]m:{ﬁ—i . [14.2)

Itis easy 1o werlly that these lnetions form an erthegonal set. In this presentation of WiPE, the olject
space M, Is the Ewlidlan space generated by the basls vecloms ep, p spanning & (see Fig. 14.2). The



14.3. EXPERIMENTAL DATA SPACE 149

Ar = Ndx S = Ndu

Figure 14.2: Object grid Gz (et hand) and Fourler grid & du (right hand) for N = & The object
domain & characterized hy lts resolution scale dx and the extension of its leld Az = Nix, whee W B
some power of 2 [the larger B N, the more oversam pled Is the ohject Beld). The basie Fourler sampling
Interval Is duw = 1 A%, the extenslon of the Fourler domain B Auw = 1/dx

dimenson of this space is equal to N*: the number of pizes in the grid &, The lunctions & lying in H,
can therefore be expanded In the form

#x) =3 age,(x), (14.3)
[ =

where the ap's are the components of ¢ in the interpolation bask of H,.
The Fourler tramsform of ¢ s defimed by the melatiomship

dlu) = f sixje T g

wihere w s a two-dimesional angular spatial Tequency: uw = (u, v). According to the expansion of & we
therelone have:

#lu) =Y apiplu), {14.4)
pEG
whers
— T i 1
Eplu) = dplu) e P with  #glu) = mwﬂ{i]mﬂ{ﬁ] [14.5)
and Au= 178z

The dual space of the olgect space, J;',, s the Image of H, by the Fourler tramslorm gperator: J}, E
the space of the Fourler iramsforms of the lmetlons ¢ lylng in H.. This space s characterized by two ey
parameters: Iis extenslon Aw = 1 4z, and the hasle Fourler sampling interval du = 1/ Ax (see Fig. 14.2).
14.3 Experimental data space

The erperimental data ¥, (u) are hlirred valises of *il,[uj on a finfte lst of fequencles o tle Fourler
domaln:

Co={uall),m (2, ..., w(N)}. (14.6)
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As the alject function of interest &, 15 a realwalued function, it 18 matural to define & [—u) as the complec
conjugate of ®(u). The eperimental frequency list £, s defimed consegquently: Tu € £, then —u € £,
[emepept for the mull fregueney uw=0: In the comeention adopted here, elther i does oot le In £, or there
exts anly one goeurrenee of this polot). The erperimental frequency coverage generated by £, s therelore
centrosymmetrie (see Fig, 14.3).

Ay

Figure 143 An exampk of an erperimental frequency coverage provided by the [Ras interferometer.
Here, the number of polnts ¥, n the erperimental frequency st £, 5 egqual 1o 2862

The erperimental data wector B, I in the apeimetol data space K., the real Eudidian space
underlying the space of comple-valued Tunctions o on £, such that yf —u) = y{u). The dimemsion of
this gpace 1s equal to M the mumber of points In the experimental frequency Bat ..

14.4 TImage reconsiruction process

As the erperimendal rouency lst 1s finite, and in addition the sperimental dale hlurmed, the object
representation that ean be obialped om these data Is of cowrse Ineomplete. This slmple remark shows
that the nverse prohlems of Fourler sy mibesls mist be mgularized: the high-frequency componenis of the
image lo be reconstructed must be negligible.

The ceniral problem is 1o specily In which conditions 1t B pessible 1o exirapolate or interpolate, in
some region of the Fourler domain, the Fourler transform of & lmetion ¢ whose support 18 ¢ontalmed in
some findte reglon of H,. It s mow well established that exirapolation s orbldden, and Interpolation
allewed 10 a certain exient. The eorresponding regularization prindple B then Intimately related 1o the
coneepl of meplutlon: the Interpolation ls performed in the Treguency gape of the frequency coverage o be
agyrithes ized,

14.4.1 Synthesixed aperture

Let H be the Fourler domain M = [—Aw/2, A2, In Fourler synihesk, the frequency coverage Lo be
synibhesized 15 & ceniro-symmelric region H, © M (see Fig. 14.4).

CrLean amd WiPE share a common objective, that of the image lo be reconstructed. This Image, &,
defined s that 1ts Fourler tramsform 1s gquadratically megligihle ouside H,. More explicitly, B, Is defined
by the convalution relation:

&, =0, &b (14.7)
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The “syniletl heam™ @, E a lmctlon resulting from the cholee of By the well-known clean beam in
CLEaN, the neat beam In WIPE.

14.4.2 Synthetic beam

The neat beam canbe regamded as a sort ol optimal clean beam: the opiimal apodised point-spread lmetion
that can be designed within the limits of the Hekenberg principle. More precisely, the neal beam 6,15 a
eentro-sy mmeeirle function lying in the objed space H., and satlalying the lolowlng properties:

# The emergy of ﬁ. I8 eoncentrated in M, In other words, él. has 1o be small outslkde M, In the
MeaT-Eqeare sense we impose the fraction ¥* of this energy In . 1o be clese to 1 (say ¥ = 0L98).

& The effective support T, of B, In 5, Is as small as possible with rspect to the cholee of M, and y*.
The idea s of eourse to have the best possible resolutlon.

Thik apodized polnt-spread lunciion s this computed on the groumds of a rade-ofl between resolution
and efficiency, with the ald of the power method.

as Aud

L.E]

3z =i

]
"o = (1] =] [E..]

Figure 14.4: Ezperimenial frequency covernge amd frepency coverage lo be spnthesized M, (left hand).
The emperimental frequency sl O, Incledes &, = 2862 regquency polnis. The frepuency covermge lo be
synibhesized H, B oenired In the Fourler grid & §u, where du = A /N with N = 128 [here, 1he diameter
of the cirele s equal to ADdu). The neal beam €, (right hand) represented bere oorresponds 1o the
frequency covernge to be synithesized M, Tor a glven value of ¥* = 087, It Is centred in the object grid
Gdr whem dr = 1/ Aw (here, the Tull width of €, at hall maximum s equal to Sdz).

14.4.3 Regularization frequency list

As extrapolation Is forbidden, and lnterpolation only allowed 1o a certain extent in the egquency gaps of
the frequeney coverage o be synthesized, the erperimental freguency lst £, should be completed by high-
fregquency poinis. These polnis, located owuislde the frequency covermge to be synthesized M, are those for
which the high-frequency com ponents of the image to be reconstrucled are prmctically pegligihle.

The elements of the regularization freqguerncy st C. ave the eguency points w, located outslde the
Jrequency coverage o be synibhesized H, at the nodes of the Fourler grid & du:

E,-:-[u,-:qﬁu,qEG:qﬁuEH.}. [14.8)

The gobal frepmency izl £ s then the concatena ton of £, with .
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14.4.4 Data space

Agpording to the defindilon of the image to be reconstrucded, the Fourler data eorresponding to & are
delined by the pelationship:

B, (u) =B, (u)¥,(u) Yue L, [14.9)

Clearly, B, lies in the experimental dala space K.
Let s mow Introduce the data vect o

Folu) on L;
)] on L.
Thie vertor lles in the data space K, the meal Ewclidian space underlying the space of ¢complex-valised
Tunctions o on £, seeh that ¢ —u) = @ {u). This space is egquipped with the scalar prodoct:

(o | da= Y o)W () (dul + % o (g (u) (du); (Ld.LL)

wEL., e L,

Wiw) Is a glven weighting funclion that takes Into account the rellabiliy of the data via the stamdard
deviation o.fu) of B u), as well a5 the local redundancy plu) of w up to the sampling interval §u.
The Fourder sampling operator A s the operator om the olgect space H, nio the dala space Ky:

$lu) on L,
d(u) on Lr

¥, u) ={ (14.10)

A:H, — K, [Ad)u)= { (14.12)

As the erperimental data B (u) are blurmd valies ::ul':ir,[uj on £, this operator will play a key mole in the
Image recopstruction process. The definition of thks Fourder sampling operalor suggesis that the action
of A should be decomposed Into two componenis: A, on the emperimendal frequency list £,, and A on
the requiarizalion frequency list O

14.4.5 Object representation space

The reconstracled image 1s delined as the function $g of the objed space H, minimizing some objective
Tinctional. The definition of this hmetlonal takes Into aceount the matum of the data, as well as other
consiralnis. For example, the image to be reconstrucled may be confined 10 a sulspace, or more generally
to a eonvex set, of the objert space Ho: this eonvex set s the objed representalion space E. I may he
delined rom the outset (In an Interactive manner, for example), or step by step thmoughout the image
recosiruction procedure [the B the case of the curremt Implementation of WiPE). In both cases, the
pmjection operator onto this space, the projector P, will play an essential roke in the image reeonstrietlon
pIOcess,

REsmark 1 positivity ¢onstraint.

In most cases encouniered in practee, the scalar components of &g In the Inerpolation hasls of H.
must he mon-pegative (ef. Eq.14.2). In the eurrent implementation of Wire this constraint is taken Into
apeount. The object represeatation space E s then bulli, step by step, acoordingly.

14.4.6 Objective functional
The reconsiructed image 1s defined as the hmetlon &, minimilng on E 1 objective losetional:
gl = ||y — Ad|}. (14.13)

Agpording to the definition of the dala veclor By and to that of the Fourder sampling operator A, the
quantity can be written in the orm:

4.8 =% | (u) — ) [PV () [ Su)?;
el

grl ) = 3 |#lu) P(du).

el

Al = g4 + g () with (L4.14)
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The experimental criterion g constraints the objecd modd ¢ to bhe comsistent with the damped Fourler
data B, while the regularizs thon ¢riterion g penalizes the high-Treguency components of 4.

Let mow F be the image of E by A (the space of the Ad's, § spanning E), Ag be the operator fom B
Intg F induced by A, and Fp the projection of B onto F (see Flg. 147) The vectors ¢ minimizing g
on E, the splutions of the problem, are such that Apd = ¥, They are ldenilcal up to a veetor lying in
the kermel of Ae (by definition, the kernel of Ag B the space of vectors ¢ such that Agd = 0).

As By — Fr is oribogonal 1o F, the solutions ¢ of the problem are characierized by the property:
W e B (Ag | Ba— Ag)la = 0. On denoting by A” the adjolnt of A, this property can also be written In
il form:

W EE, (¢ |r)a=0, withr= A"[B — Ag). (14.15)

where # s regarded as a resldpe. The conditlon 5 of course equivalent to Per = (I, where Pg s the
pmjecior anto the objecd represendation space E. The solutions of the problem ave therelore the solitions
al the mormal spation on E:

Ap A b= AL, (14.16)

where Ay = Ped”.
Many different technlgees can be 1sed lor eolving the normal equalion (or minimizing g on ). Some
of these are certalnly more efficlen than others, but this s not a eruclal ¢hoboe.

REsmarK 2: beams amd maps.

The action of A™A Involved in ApA s that of a comvelutor. As the two lsts £, and £ are disjoints,
wie have: A4 = AJA, + A7A,.. Ths, the corresponding polnt-spread Tunctlon, called the dusty beam,
has two compomenis: the traditional dirty beam B and the eqularization beam. The latter corresponds
to the action of A7A. tle lormer to that of A7A4, [see Fig., 14.5). Lkewlse, according to the defintion
al the date weclor, A" B = AJF, Is called the dusly map (as opposed o the raditional dirty map A%
hecaise it Is damped by the meat beam).

Revark 3: constriction of the abject mpratentalion space.

With regard to the comstructlon ol the objed represent ation space B, CLEAN and WIPE ame very similar:
it Is defined through the ¢holee of the [diserete) object support. It & Important to mote that ths space may
be comstriscied, In a global manmer or step by step, Interactbvely or auvtomaticaly. In the last version of
WiPE Im plemented at TRas, the Inage econstroetion prooess I8 Indtlalked with a few Hterations of CLEAN.
The support selected by CLEay I& relined throughout the leratlons of Wire by conducting a maiehing
pursidt proeess at the level of the components of ¢ o the Interpolation basis of H.: the current support
15 extended by adding the nodes of the object grid & §x for which these eoefllclents are the largest above
a given threshold [(hall of the maximum valee, lor example). The objectbe Tuneitional is then minimised
on that pew support, and the global resldee ¢ updated accordingly. The olject representation gpace of the
reconglrucied image B this obtained step by step In & natural manner.

The simulation presented on Fig 14.5-14.6 cormesponds to the conditions of Fig. 14.4. The Fourler
data ¥, were blurred by adding a Gavpsslan molse: for all w € £, the standard deviation of F, (u) was set
equal o 5% of the total fux of the object [*i,[ﬂj,n'ﬁ‘.lj. The Image reconstnuctlon propess was indtialised
with a few Ierations of CLean, and the comstruction of the final support of the reconstructed image
was made as indicated In Remark 3. At the end of the recomstruction prooss, a final smooihing of
the current object support was perflormed. In this ¢lassical operation of mathematical morplology, the
ellective support of 6, T, B of cowse used as a strocturing element. The boundaries of the effective
support of the reconstrected neal map are this defined at the appmpriate ssolution. In partieular, the
connected entities of dee smaller than that of T, are eliminated.

14.4.7 Unigueness and robustness

When the problem & well-posed, Ag Is a ooe-to-one map (ker Ag = {0} from E onte F; the solution &
then unlgee: there exdisis only one vector ¢ € E such that Agd = ¥p. This vector, $e, 15 sald 10 he the
leasi-sguares splution of the equation A gd “=" B,



15 CHAPTER 14, ADVANCED IMAGING METHODS: WIPE

Figure 145 Dirty beam [left hand) corresponding o the eperimental frequency st C, of Fig. 14.4, and
dusily map [right hand) of a simulated data set [the simulated Fourler data % wewe bluered by adding a
Gaissian molse with a standard deviation o, equal to 55 of the total s of the object 3.

Figure 146: Inage to be recomstructed 0y (lefl hand) at the resolution level deflined in Fig. 14.4, and
recorstructed aeal map Pe (right hand) at the same resolution: tle final condition number ke s equal
to 2AG (ef. Eqg. 1417 and 14.18).

In this case, ket 8% be a varlation of ¥ in F, and §8g be the corresponding varlation of &g in E
[eoe Fig. 147). It s easy to show that the robusties of the reconstruction proeess B gowerned hy the
Imeguality:

16| [16% ]l 4
< kg ) [14.17)
Il Il [l
The error amplifier factor ke 15 the condition mumber of A g:
WA
= 14.18
"E= 5 ( )

here A and A respectively denote the smallest and the largest elgenvalies of A7 A, The ¢loser 1o 1 Is the

condition mumber, the easler and the more robist 1s the reconsirection proess [@ee Fig, 14.8 and 14.9).
The part played by Inequality 14.17 In the development of the eorresponding ermor analysls shows that

a goied reconsirection procedurs must also provide, In particular, the condition number ke, ThE s the
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Figure 14.7: Unkyueness of the selution and robustness of the recomsirsction process. Operator A Is an
aperator from the olgect space Hy Into the data space Ky, The olgect representation space E lsa particular
subspace of H.. The image ol E by A, the range of Ag, 5 denoted by F. In this representation, ¥ s the
pmjection of the data vector ¥y onto F. The lnverse problem must be stated so that Ag 15 8 ome-to-ome
map from E opto F, the condition number &g having 8 easonahle valise.

case of the current Implementation of WirE which uses the conjugate gradient method lor solving the
normal equation 14.16.

Ty eonduet the final error analysls, one Is led to consider the elgenalue decomposition of AL A, This &
dome, onee again, with the ald of the comjugate gradient metlod assodated with the QR algorithm. At the
st of some memory overead [that of the M sueeessive residues), the latter also yilelds approsimations
al the elgenvalues Ap of A A It is this pessible to obiain the sealar components of the associated
elgenmodes b In the Interpelation basis of .. The purpose of thl analysls s 1o check whether some of
them [In parilcular those corresponding to the smallest elgenvalues) are ecclied or not In $g. I s, the
corresponding detalk may be artelacis of the recomstruction.

The reconstricied map & then decomposed in the form:

M
e =Y welbe, we = (b |Be). (14.18)
=1

The separation angle & between B and & ls explicitly given by the relationship:
ey

Ty wh

cos B = (0 <8 < x/2). (14:20)

The ¢loser 1o 72 15 He, the less exelted 15 the corpmponding elgenmode @ In the recomstiructed meat
map e

T lusirate In a ¢onerete manper the Interest of eguations 14,19 and 14.30, let us comslder the slm-
ulations presented in Fig, 14.4 and 14.9. Whatever the value of the inal condition number is, the error
analysk allows the astronomer to check i there exists a certaln similitede hetwesn some detalls In the neat
map and some leatures of the ¢ritieal elgenmodes. Th Information ls very attractive, in partlenlar when
the resolition of the recomstruction process B greater than a reasonable valise [the larger 1s the aperiure
to be synihesized H,, the smaller 1s the Tull widih at ball-maximum of ). In swh situations of “super
resplution,”™ the error analysls will suggest the astronomer to redefined the problem at a lower level of
resplution, or to keep In mind that some detalls in the recomnsirucied meat map may be artefacis of the
recorstruetion process.
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i oz 0.4 A 0.4 0.4

Figure 14.8: Reconstrucied neat map $p (gl hand) and egenmode By (righ! hand) eorresponding 1o
the smallest elgenvalie Ay = 0165 of ApA . The eonditions of the simulations are these of Fig. 144
and 14.5% In particular, the diameter of Hy 15 egual to 40du. The Apal conditbon number 1s ke = 246
(the elgenvalies of AL A, are plotted on the bar cpde below). This agenmode Is not excdted In $e: the
separation angle & hetwesn $e and &y s greater than 897, In other sltuations, when the final condition
mumber & greater, this mode may be at the origin of some artelacts in the neat map (=ee Fig. 14.9).

14.5 Implementation of WIPE at TRAM

In this section we describe the suecessive steps of the Image reconstruetion propess as 1t s Implemented
now i the Marpiia program ineluded in the IRam soltware. For more Information on this program, the
reader 15 invited 1o read the last version of the Mapping CookBook.

The first step of the Image weonsirecton pmeess 8 Lo defined the olject space H,. This space k
characterized by two key parameters: the extension Ar of lts eld, and 1ts rsolition scale 2 = A/
[soe Fig. 14.2). The pro¢edire wipe_init Is wed o sel these parameters properly.

The frequency coverage to be synthesized H, Is defiped with the ald of the procedumn wipe_sper. This
tonl provides an Interaciive way of Otiing an ellipse over the experimental frequency covemge generated
by the esmperimental frequency lisl O, (see Flg. 14 .4).

Onee M, has heen defliped, the procedure v ipe_besm s ready lor compuiing the neat beam 8, a5 well
as the dirly beam . The latter plays a key role In the action of the convolutor A% A ., while the Fourler
tramsform of the former s Involved In the definition of the data veclor ¥y (ol Eq. 14.9 and 14.10).

The last step In the lmage mecomstraction precess ooneerns the neat map. It ls Implemented in the
wipe_solve command. Belore the Inltdallzation of the recomstruciion, the dusty map A" E B com puied,
and an optiosal support can be selected [this support plays the role of the dean oz of CLEAN). 45 WPk
can be slow when reconsiruciing large Images, 1t can be Indtialized with a few CLEan lteratlons o quickly
build a first olgect represend ation space E. When switching to WiPE, the program staris by optimizing
the solution provided by CLEay with the ¢orresponding support. Then, at each lteratlon of WirE, the
support grows, and lor a glven and fxed object represendation space E, tle mormal epuation 1416 &
solved by uslng the comjugate gradient metlod, which ako provides the condiilon mpmher ke of Ag.
When leaving Wire, a final smoothing of the current object support I performed, removing [thmagh an
appropriate morphological analysis) the detalls of the reco nat ructed image smaller than the eeoluiion limi
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i oz 0.4 A 0.4 0.4

Figure 14.9: Reconstrocied neat map P ¢ (left hand) and related eritical eigenmode &y (right hand). The
latter cormsponds (o the smallest elgenvalue Ay = Q0BT of AL A, The conditions of the simulations
are those of Fig. 14.5, but lere the diameter of M, 18 taken equal to 484w the Amal conditflon number
s ke =4.19 [the ggenalues of AL A are plotted on the bar code helow), The eritlcal elgenmode 3 &
at the origin of the eecllations along the main structurdng entity of $. ThEe mode B slightly exciied (the
separation angle % between $e and &y 15 less than 867), this the cormesponding deialls may he arielacis.
Inthk case of “super-resolution™ the ermor analysk provided by WirE suggesis that the poocedure shaounld
be restaried at a lower level of resolution (see Fig. 14.8), so that the final solutlon be more stable and
reliahble.

of the reconsirectiion process. The lnal reconsiructed image $e B the Tuncton minimizing the objective
Tunectional 14.13 on that suppaort.

The control of the robustness of the reconstrsction process 15 performed through an additional slep with
the wipe error command, This propedure computes with a ime accumey the lnal condition number gz,
as well as the elgenvalies and the edtical elgenmodes of A Ag. Ome of the alms of this last step s to check
that the features present In the recomsirucled image are nol arelacis. This can be done by com paring
these features with those of the critical elgenmodes. When there exkis a certain simlitede (et ween these
featums), It 1s then eoommended 10 restart the prooss with a lower resoliution, &0 that the lnal solution
he more sable and reliable.
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Oine-dimensional grid, number of elements in L
Twoedime mslonal gid

Two-dimemsional integer vector
Twi-dimensional angular position variable
Twi-dimensional angular spatial Mrequency
Exiension of the synithesized hekd

Remolution seale of the synthesized feld
Extension of the Fourler domain

Basic Fourler sampling interval

Object grid, Fourler grid

(3lohkal foeguency list

Expermental frequency lst, regularization regquency 1kt
Fourler domain [— A2, Auf'2)

Froguency eoverage 1o be synthesised

Support of tle neat heam €,

Energy eonfinement parameier

Apodized point-spread Tunetion [neat heam)
Insirumental polpi-spread function (dirty heam)
Ohject space, basis lmetions of H.

Oihjeect reprsentation space, Image of E by A
Expermental data space, data space

Welghtimg funetion

Redundancy of w, standard deviation of $(w)
Regularized Fourler sampling operator

Fourler sampling operator on £,, on £,
Projection operator onio E, restriction of A 1o E
Oirlginal object Tunetion, lmage 10 be reconstroe ted
Reponstrocted Image, reconsiruction error on @,
Expermental data, damped experimental data
Regularized data vector

Projection of ¥, onte F, alective ermor on ¥y
Elgenvalue of A3 A, and related elgenmode
HSeparation angle between & e amd O,

Smallest and largest elgenvalues of AL A,

- Condilon mmber of A g

Regularized ¢riterion
Expermental criterion, regularization eriterion



