Chapter 2

The interferometer principles

Stéphane Guilloteau

IRAM, 300 rue de la Piscine, F-38406 Saint Martin d'Héres

Thik leciure presenis the principle of the eterodyne nterferometer. An betersdyne Interferometer &
com posed of antennes (described In AGreve lecture 1), receivers [discribed In B.Lazawef lecturs 3),
a correlatoer (described In H. Wisemeyer lecture 4) amd an awlul lot of cables and conmectlons. The
legiure only describes the hasle principles; a more complete deseription, ncuding subileties dee to mudtiple
Trequeney comeerslons and diglial delay lims, 15 given In B.Lucas lecture 5.

2.1 Basic principle

The antenns producs a Voltage proportional to the lnear superposition of the Incident elecirie feld
pattern. For a dmple momechromatle case:

[(f) = Ecoa[2aut + 1) [21)
In the recei ver, 8 mi ger superim poses the feld generated by & lecal oseillator to the antenna outpiat.

Upo(f) = Goos( 2rvpot + Do) (2:2)
The mixer s 8 mon-liear element [disde) whose ouiput is

I(t) = ao + a(V(E) + Vio(£) + ax (V8 + Vealt))* + as(V(6) + Veolt))* + ... (2.3)
The second order [gquadratic) term of Eq.3 can be exprossed as

It) =
aa Eos® [ 2avt + 1)

Ziry B oos | 2aud + Pieos(2aveot + Tro)
axl oo [Znvpot + brg)

+ + + +

(Z24)
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Figure 2.1: Relation between the [F, RF and local secillator frequencles in an beterodyne system

Developping the product of the two coslne luneilons, we obitain
Iti=
+ o EQeos[Ir(v + mo i+ F + B
+  aeEQous(2n(r —veoli+ 8 — b))
+ .. [2.5)
There are obvimsly other terms In 2o, 2, Jvpo £ e, ete .. In the abowe equation, as well as terms at

very diiferent frequencies ke o, 3, ele ...
By ngerting a flter at the output of the mizer, we canselect only the term such that

ey — A3 | — ol = e+ A2 [245)

wihere wyp, the so-called Ind emediale Frequency B a Iegquency which is significantly diferent from than
the original slgnal fTrequency » [which is olien called the Radio Frequenoy vge).
Henee, afier mixing and fliering, the output of the receiver &

M) e EQooe[Taiy — woli+ 8 — dpa) [27)
a
Ity o EQos(Zriveo — )t — &+ duo) (28]

Le
# chamged In frequency: v — 1 — o OF ¥ = PLo — 0
& proportional to the original elecide Beld of the Incldent wave: « E
& with a phase relation with this elecirie feld: & — & — $ro or & = $po— 0
# proportional to the lecal escillater voliage: o Q)

The egqueeney chamge, wually towands a lower Teguency, allows 1o select vy such that amplifiers and
tramsport elements are easily avallable lor hether procssing. The mixer deseribed abowve acoepts slmulia-
nepusly reguencles which are [see Fig.2.1)

# higher than the local secillstor Teguency.
Thi & called Upper Slde Band [UT5B) mece ption

# lower than the local oseillstor eguen:y
Thi & called Lower Side Band (LEB) reception

and canmot a priord diEtinguish between them. Thi s called Doubk Side Bamd (DSB) reception. Some
recelvels are actually Isensitbve to one of the fegquency range, eliber hecase a fillter has bheen plaped
at the recelver Inpul, or heeaise thelr response I8 very strongly mequency dependent. Such recelvers are
called Single Side Band (S5B ) recelvers.
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Figure 2.2: Schematic Diagram of a two-element Interlerometer

An Important property of the recelving sysiem expressed by Eq2.8 Is that the dgn of the phase B
changed for L5B converslon. This property can be easily retrleved recognizing that the Frequency v is
the time derivative of the Phase §. Assume the phase varles lnearly with time:

Pbii) = Zaut
1 al
1l = 5 E [Eg:l

In this case, tle signal

I} e cos{ et +4B1)
o cos 2ay 4 n)i) [2.10)

Is Jist another monochromatic signal with slightly shifted fregpency.

2.2 The Heterodyne Interferometer
Figure 2.2 & a sechematic Mhistration ol a 2-aptenna hetorsdy e Interferometer.
Lt us forgel the frequenicy convergion for some Nme, e Qssume Fpr = Vgp...

The Input [ampliffed) signals foom 2 elemenis of the Interferometer are progessed by a correl ator, which
s just a voltage multiplier folowed by a time Integrator. With one incldent plane wave, the output #[i) B

) =< v Zau i —relt)) e cos(2apt) >= v ons{ Zrwrg (1)) [211)
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Figure 2.3: Posltlon weetors 1sed for the expression of the Interferometer rsponse to an extended sounes,
srhematically represented by the lse-eontours of the sky brighiness distribution.

where 7, Is obvipusly the geometrical delay,

Tp(f) = (bg) /e [2.12)

As 7, varies slowly because of Earth rotation, {f] oscllates as a cosioe lnetion, and is thus called the
Jringe pallern. As we had shown belore that vy and vy were proportional to the electrie beld of the ncldent
weave, the correlator gutput (Iringe pattern) B this proportional to the power of the wae

2.2.1 Source Size Effects

The signal power reeelved rom a sky area $M1 In divection 8 B (see Fig. 23 lor notations) Afs)f{a)aiide
over handwldih div, where A(s) Is the antenna power pattern (assumed ldentieal for hoth elemenis, more
prdsely Ala) = Ails)d;(8) with A the wltage pattern of amtenna §), and Tig) Is the sky brightsss
ditribution

dit

Afs)I{s)didv cos(2nw,) (213)

T

.-iu‘f Algifa)cos 2avb s fo)dl} [2.14)
Sy
Twop Impliclt assumptions have heen made in deriving Eq.2.14. We assumed incldent plane waves, which
Implies that the souree must be ln the far field of the Interlemmeter. We used a linear superposition of the
Incident waves, which Implies that the souree mist be spatially Incolerent. These assum ptions are guite
valld for mest astronomical sourees, but may be violated under speclal clrenmstances. For example VLBI
oheervations of solar system ohjects would violate tle st assumption, whilk observations of oelestial
masers ooild (In theory) vielate the seeond one.
When the Intederometer 1s tracking a souree In dimcilon 8., with e =8.+ &
o= dm:::ﬁ[ﬂnub.aa,-'cjf Al i F{e) oos Zavbe fo)dll
Fhey
- du&.]n[ﬂaub.aa,n'c:l‘f Al ) Fla ) sln(2rib.e fe)all [215)
Fky
We define the Compler Visibilily
Vo= |Vt = f Al ) )t —H=eba ol gy (216
Hhey

which resembles a Fourker Translorm...
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We thus have
ro= defos[Zavb.a, o] [V cos( By ) — sinf 2reboa, /o) |V sin( v )
= du|V|cos(Znwr, — By ) [217T)

Le. the correleator output Is proportional o the amplitude of the vislhility, and ¢ontalms a phase relation
with the vislhility.

22.2 Finite Bandwidth

Integrating gver di,
T e
= — V|eos(2awr, — Oy dis 2148
M};_Mﬁu (2rr, — By (2.18)
Using v = 1w+ 0
1 AwfE
R = — V|eos(2a — by + 22 . 219
-&HJ,'_,:._.,_,fu-l | cos( 2y, v + T, Jdn | i
1 BT
= — V| eos| 2augr, — By ) oosl 2anT, ldn
ﬂl"lif_m-,ul ! L :
A fE
- Jf [V sin(Zauyr, — Oy ) sin]Zrn Fjd:n] [220)
AT
1 A fE 1
= E|F| oos| 2rigr, — &) |5‘]”[E“’"a:']_m,-; T,
1 : 1
wf X
+E|1I|5.]n[ﬂaun1,—*},;Hlxsa[ﬂnm_,j]‘fmﬁﬂﬂ—h (221)
slnfader,)
= |V|eos(Za — by —— 222
IVlos(2ru, — ) — 70 (222)
The [inge visihility 1= attensated by a sinfz)/z envelope, called the handwidih pattern, which falls off
rapidly. A 19 loss in visibility is obtained for |A | = (LOTS, or with A = S00MHz and a baseline length

b= 1{im, when the senith angle & (defined In Fig2.3) 15 2 arcmin only. Thus, the abDity 1o track a souree
for a slgnificant honr angle eoverage regudes proper compensation of the geometrieal delay when a finite
bandwidih 15 desined.

2.3 Delay Tracking and Frequency Conversion

To compensate lor the geomeirical delay varlations, delay lines with mirms (as In opties...) would be
com pletely Impraciical given the peguired size of the mirrors. The compensating delay & thus performed
electronieally after ome [or several) freguency ¢onverslon(s), as Mustmied in Flg2.4. This can be Imple-
mented ether by switching cables with diferent lengils, or in a more spphiticated way, by uslng shifi
memories alter digital sam pling of the signal In the correlator. Apart fora lew detalls [see R.Lscas leeture ),
the principlke remains ldentical.
In the case presented In Fig.24, lor USB conversion, the phase changes of the lnput sgnals belore

reaching the correlator are

T, = Znvr, = (g +ppl, (223)

"}:‘- = Eﬂll"l.i + “}.lﬂ [EE"’.:I
Intreducing Ar =15 — 1y as the delay tracking error, the correlator putput is
AV | eos[ By — s — By}
AV oos[2avoty +1rpdr) — By — o)
Ao V| os(2a(buoy — tipds) — by — ) [225)

i
s o«
s ¢
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Figure 24: 2-element beterodyne Interferometer with delay tracking after equency ¢omverslon

When the two sldehands are superposaed,
DER v = 24, |V|cos{2n{vpory — By — Trg)) oos(Zawy e b [2:26)

Le the amplitiede & modulated by the delay racking error. The wlerance can be exeeedingly small For
example, at Plateau de Bure, the IF frequency 1y p 1s 3GHz, and a 1% loss s oltalned as soon as the delay
tracking ermr would he T.5 ploseconds, Le. a geometrical shift of 222 mm only. Dwe to Earth rotation,
the geometrical delay changes by swech an amount in (L1 & for 8 3 m baseline. Hence, delay tracking
winlikd have 1o e dome guite fast to avold sesitivity losses. To aveld thie problem, 1t ls common 1o use
sldehand separation. The delay tracking ervor should then bhe kept small compared to the bandwidih of
each speciral chamel, 7, << 1/Av, and the delay can then be adjusted much kess reguently.

2.4 Fringe Stopping and Complex Correlator

With the Eanh rotation, the opsine term of Eq.2.22 modulates the correlator output gquasksinisoldaly
with a natural fringe rate of

vpgdrgfat = AL g bupafe [22T)

which iz of order of 10 Hz for b= 300 m haselines and veo = 100 GHz, or 2¥ angular resolution (since the
[rimge rate only depends on the effective angular resolution).

The fringe mie ls somewhat too high for simple digital sampling of the visibility. An exeeption B
VLEBI (becaise there s mo other cholee), although the esolutlons are = 1 mas. The usiwal technigue B
to modulate the phase of the local secillater $ o such that o (i) = 2reporg (i) al any given time.
Then

fr = Ao | V][ £ 2xpppdr — Iy [228)
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[with the + slgn for UTSE converslon, and the — slgn for LSB comwersion), 18 a slowly varylng outpit, which
wipitdd he constant for & polnt souree at the relerenee position [or delay tracking center). This process B
called Fringe Stopping. Alter [ringe stopping, we can no longer measure the amplitede V| and the phase
by separately. A seeomd correlator, with one signal phase shified by 7 /2 becomes mopssary. Iis output B

13 = Ao|VEIn(£2rmr Ar — By) (229)

With both correlators, we measure directly the real & and Imaginary #; paris of the complex visihiliyy .
The device B this called a “complex™ correlator.

MNote: A delay tracking ervor Ar appears a5 a phase slope as a lunetlon of Iegquency, with
Blige) = £Fa0y e (2.30)
2.5 Fourier Transform and Related Approximations
The Compler Visildlily &
V= |V = f Al ) [o)e! =BT gy (2a1)
By

Let [w,w, ) be the eoordinate of the haseline vector, In unlis of tle observing wavelengih w0, In a frame
ol the phase tracking vector sy, with walong sy, (2 5,2 ) are the eoordinates of the souree veetor 8 inthes
frame. Then

vhale = ur+ up+ sz
vhagle = w
r = Jl—xt_pt
and g = Sy _ __dedy (233)
# [
Thus,
V (v, w) = f j Al ) [z yle B sowseyimFopo__doly (233)
- 1 —
with Fle, ) =0 when #* + 3 = L
IT (&, &) are sulllchently small, we can make the approcimation
(41 — 2T — T — 1w o %[1*4-;.?31,;2:: [(2.34)
and Eq.2.33 becomes
Vie.w) = f Allz, g ) iz, y)e H 2 drdy (235)

Ale,w)
—m ———
Lo basically a 2D Fourler Tramsform of AT, bt with a phase error term #(#° + 35w, Henge, on limiied
field of views, the relationship between the sky hrighiness (muliplied by the antemna power patiern) and
the visibility reduces 1o a simple 2-00 Fourker tramslorm.

There are other approximations related o Beld of view limitatlons. Let us quantily these approsima-
tlons.

with  A'[z, )

(236)
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« 2-1 Fourler Transform
We can lurther mglect the phase error term in Eq 236, I the condition
oz + ' | << 1 (237)
is Tulfilled. MNow, mote that

w<w bama 1
max — 3 _I?.

where Beamns 1s the synibesized beam widih, This, I &, is the Geld of view 10 be synihesized, the
maximum phase ermr B

6}
a8,

Using Auh < 0.1 radian (§°) as an upper llmit (pote that this I8 tle maximum phase ermor, Le. the
mean phase error B much smaller) result In the conditlon [with all angles in radian...):

[238)

L = [2.39)

B < %JE (240

« Bandwidih Smear ng
Assume w, v are computed for the center egueney vy, At Trequency i, we have

Vi w) 2 Alz, w) [241)
The similarity tleorem on Fourder palrs gl

Mo i [ N
Vi—u, —v)=[—)"1—=x, — 242
(s Jv) = [T ) (242)
Averaging over the bandwidth Aw, there 15 a radial smearing egqual to
Ay~ -
o — [243)
by
and henpe the constraint
- - &,
Pyt <015 (244)

if wie want that smearing to be less than 105 of the synthesied haam,

« Time Averaging
Assume for slmpliclty that the nterferometer oleerves the Celestial Pole. The haselines ¢over a
secior of angular width (L At where {1, B the Eanh rotation spesd, and Af the Integration time.
The smearing s dreumferential and of magnitude LA 2? + 32, henee the constraint

- - -4 .
4yt gn.lﬂ_m (245)
For siler declinations, the smearing is mo boger miational, but of similar magnitude.
To better ix the importance of such approcimations, the pelevant values for the Plateau de Bure
Interferometer ave glven in Tahle 2.1, Note that these elds of view eorrespond 1o 8 maximum phase error
of & only, or i a (one dimensional) distortion of 8 enth of the synthesized beam, and this are not siric

limits. Im partieular, atmosplerl eros often resulis In larger errors [which are independent of the feld
al wiew, however).

2.6 Array Geometry & Baseline Measurements
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Config. Resolution | Freguency | 2D | (L5 GHe 1 Min Time | Primary
[zHz) Fleld | Bandwidih | Awveraging Beam
Compact | 5 &0 GH= Ly &yt ¥ i
Standard | 2¥ A GHz iy e 45" (i
Standard | 2 TH) GHz iy Ly 45" 24"
High 0.5" T GH= 1.7 g 12" 24

Table 2.1: Fleld of view limitations as Tunctlon of angular resolution and olserving fequency for the
Plateau de Bume Interferometer.
wir coverage Using a Carteslan coprdinate system (X, Y, £) with £ towards the pole, X towards the
meridian, and ¥ towards East, the conwerslon matrk tow, v, w B
i 1 slnfh) coslh) 1] X
i =— | —sn(dicesh) cinldicos(h) oos(d) ¥ [2446)
it o8 cos(h]  —oos(d)slnlh)  sln(d) Z

where i, 4 are the hour angle and declination of the phase tmeking center.
Eliminating & from Eq.2.46 gives the equation of anellipse:

. F ¥ 2
. (u— [z,u.:u.m[ﬁm) _X 4_-1’ (24T

sin[4) 32

The wir ooverage Is an ensemble of such ellipges. The ¢holee of anienna configum tons s made 1o cover the
wir plane as much as possible.

Baseline measurement Assiume there 1s a small baseline error, [AX AY, AF). The phase error s

at) E%ﬂh.m [2A48)
oosl 8 eos (M) AY — cos(d)sin(h)AY + &ln(fAF [249)

Henee, Il we obaerve NN eourees, we have for each souree
die = oo + oos(de ) ooslhe A X — cos(de ) sinlhe )AY + sinfde A Z [2.50)

Le. a llnear system in (AX AY, AZ) with &N equations amd 4 unkoown (Incleding the arbitrary phase
giyl. This can be wsed o determing the haselines om phases measured on a set of soures with known
positions by 4.

From tle shape of Eq.2.49, o can see that the determination of AN AY requins large variations in
b, preferably at declination 4 ~ (), while that of A2 requires large varlations in 4. However, ¢, In Eq 250
s muli-valued (the 23 ambiguity..). Henee, the system o solve 1s in fact

mod(gy + cosldy ) cos(hy ) AX — cos(8; )sln (b )AY + sin (6, )AZ — gy, 2x) =0 (251)

which Is a Inear system of eguations only § AXY AY AT are small enough so that the modulo Tmetion
s the ldentiiy. Baselipe determination wsually proceeds through a “hrute loree™ techodgue, by making a
grid search arpund the most 1ikely values lor XV, 2.
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