Chapter 17

Basic Principles of Radio Astrometry

Alain Baudry

Observatoire de Bordeawe, BP 89, F-33270 Floirac

17.1 Introduction and Basic Formalism

Modern astrometry alms at im proving our knowledee of celestial hody positions, motloms and dEtances to
a high aceuracy. The quest for aceuracy hegan in the early days of astronomy and 1s st1l continging in the
optleal domaln with mest sophisticated instruments (automated merldian crcles, the Hipparoos satellite
or fture astrometrle space mBslons] as well as in the radio domalin (eonnectedelement Interlerometers
and VLBI). New Instrumental concepis or callbration procedums and Inereased sensitlvity are essentlal 1o
measire highly accurate positions of stars and radio sourees. Poslthons accurate to about one thousandih
to one tenth of an areaeeond have now been obtalned for hundreds of radio sources and Tor about 1000 (080
to one milion stars In the Hippareos and Tycho catalogies respectively

In this lecture we are concerned with some haske princlples of pesition measuremenis made with syn-
thesls radio telesoppes amd with the IRAM interferometer in partieular. More detalk on interberometer
technigues can be found in the lusdamental book of [Thompson et al 1986]. The impact of VLBI in
astrometry and geodesy I8 not dicissed here. (For VLBI technigues see [Sovers et al 1998

W first pecall 1hat measuring a pesition ls a mindimum preveguisite 1o the wderstanding of the physies
of many ohjecis, One eample may be glven for Mustraton. To valuably discss the exciiation of oompaet
or masing molecular 1ine sourees ohserved In the direction of late-type stars and HIT reghons sub-aresecond
position measurementis are required. This & becapse the inner layers of dreumstellar envelopes around
late-type stars have slees of order one arsecond or less and becapse seweral compact HIT reglons have
glzes of one to a few arseconds only, Posiilon information ls crucial to discuss not only the respeciive
Importance of radiative amd collklonal pumping in these line sources bul also the physical asssoclation
with the wnderlylmg ¢entral ob ject.

The gurtput of an interferometer per unit bandwidih at the olserving wavelength A Is proportional to
the quantity

R= fA[EJf[E;.:m[zaﬁE,u.m] (17.1)

by
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where E k& the unit vector toward the observed source, A s the effective antemna aperture, T the source
brghtness, and & the baseline vector of the Interferometer. For an extended source one refers the obser-
vations to the relerence direction ke and supposing that the radiation comes from a small portion of the
sky we have k= k, + 8 where & 1s the position vector deseribing the souree eoordinates. [(Since hoth k.
and F are unlt vectors we obtaln k.8 = (i) The interferometer output s glven by

R=V 1:5[233.5‘,,-'.!. + F) [17.2)
where

Vexp(i#) = f A\ I(F) expli2ab.5)di2 (17.3)

15 the eom ples souree visihility and E[u,uj 15 the haseline veetor projected on a plamse normal to the tracked
divection The ecact delindtion of the haseline eoordinates w and © B given In Secton 17.3.

The astrometry domaln corresponds 1o these cases where the souree visbility amplitude B equal o1
| poini-lke sourees) and the phase provides the souree position Information.

17.2 The Phase Equation

The most Important messurement lor radio astromeiry 1s that of the actual ringe phase of 8 conmected-
element Imtederometer (or similarly the group delay In VLBI). Let & be the angle between the melerenos
direction and the meridian plame of a glven interferometer haseline. The phase 18 then defiped hy

g, = ZaHeln(#) A [17.4)
I the polnt-like souree of Interest 1s oflset by A8 fom the relerence divection tle total phase B
o= aHein(f + AF) A = b+ To oos#) A8 A [17.5)

It k& this clear that measuring an angle or an offset pesition on the celestial sphere hecomes possible only
when all phase calibration problems have been understood and solwed.
Agcpunting lor uneertainties in the baseline and source position vectors the actual plase is

& =3B+ 8H).(F+ ) /A (17.6)

where [ 15 a first approximation of the baseline, Fo the tracking diveciion; B+ 460 and E, + 6F are the
irie haseline amd souree position veciors, respectively. The reference phase B glven by

e = Tl A (17.7)
and, negleciing the term Invalving Jﬁﬁf, we obialn
— gy = Pa(BAE + &8 Fp) /5 (17.8)
We consider all veetor projec tions in the right-handed equatorial system defined by the unlt vectors ay [H =
Gh d=00, 0 (H=0h §=0), ay (4 = %F). H amd 4§ are the hour angke and declination, respectively.
I thiz coordlnate system the baseline veetor § has components (B, By, By and the components of the
reference position E. are glven by (cos(d) sin(H), cos(d) cos[ H),sln(d))
Thee twio Nmiting ¢ases 8k = 0, and dH =0 correspomx to thoee where we elther calibrate the haseline
or determine the exact souree position.
In the first case the source coordinates are perfectly known and by comparing the olserved phase
& with the reference phase ¢, one determines S0 and hence the tree baseline B + §H. The reference
soumees oleerved for baseline calibration are bright guasars or galactle muclel wlose absoliste cpordinates
are agcurately known. The mest highly accurate source coordinates are these of the radio sourees 1sed 1o
reallee by VLBI the International Celestial Relerence Frame [ICRF §; distribution of coordinate errors ame
helow one millarsecond. Howewer, the ICRF catalogue B insufficlent for phase amd haseline calibrations

of millimeter-wave arrays hecaiss most sourees are not hright enough in the milimeter-wave domain. The
IRAM ecalibration souree list s thus a eombination of several catalogues of compact radio sources.
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17.3 Determination of Source Coordinates and Errors

e the haseline is fully calibrated [JB-' = {1} the exact spuree coordinates ave known from the 8 verior
com ponents, These components are lormally deduced om the differential of k.

df = [—sin(d)sinfH)AS — cos(d) cos| H M, [17.9)
—lnl8) ooa [ H ) A8 + cosid) sin [ H) A,
oo 4 )AS)

where MAer and A8 are the right ascemsion and declination offseis n the equatorial system (e = —-AH).
The phase difference 1s then a slmsold in H

% = Bk = Asin(H) + Beos(H) + (17.10)
where

A = —B,sin[d)Ad + Bsos(f)An (17.11)

B = —Bysin(d)Ad — B, cos()Ax (17.13)

C = Byeos(f)AS + o, (17.13)

and C contalns the Instromental phase g .

Measurement of the phase at time Intervals spanning a hroad hour angle interval allows us 1o determine
the three inknowns A, B, and C, amwd hence Ao and Ad and the eact source position. Note that for sourees
close 1o the equator, & and B alone canmot accurately glve Ad. In the latier case, O must be determined
i prder to obtaln AS: this reguires to accurately know the Instrumental plase and that the haseline &
not stricily orlented along the E-W direction [in which case there Is mo polar haselime compoment ).

A synthesis army with several, well calibrated, haseline orientations & thus a powerful Instrument to
determine 4k In practioe, a least-squares analysk Is used 1o derlve tle unkoowns Ao and Ad from the
measurements of many olserwed phases ¢y (at hour angle H;) relative o the expecied phase ¢, This &
obtained by minimizing the guaniity

EiAd — (Asln(H) + Beos(H) + OV with pespeet to A, B, and O whem A = [ — 6,00/ 22, A
oom plete analysk should glve the variance of the derived quantiiles Ao and Ad as well as 1he oorrelation
eI hend..

OF course we ¢ould solve lor the exact source coordinates and haseline ¢componenis slmultamomsly.
However, measuring the haseline components reguires to observe several quasars widely separated on the
sky. At mm wavekngihs where atmospherie phase nolse B dominant thk 1s best done In a rather short
oheerving sesslon whereas the source position measurements of often weak sourees are heiter determiped
with long hour angle coverage. This s why haseline callbration is usually made In separate seslons with
mm-wave conne: ted-element. arrays.

The equation giving the source opordinates can be relormulated In a8 more eompact manmer by wslng
the components w and @ of the baselie projected In a plame normal to the relerence divection. With ©
directed toward the morth and o toward the east, the phase difference s glven by

[ — i) = 2w oos(d) Ao + v AS) [17.14)
Com paring this lormulation to the simsoldal form of the phase difference we obiain

(—B) cos(H) + By sin[(H)) /A (1715
[y eos(8) — sl 8) (B, elnl H) + By eos(H))) /A (17.16)

Transforming the By 3 4 Inio a system where the baseline is delied by lis length B = (B + B+ B1"% and
the declimation 4 and howr angle k& of the haseline vector [defined as Intesecting the northern e misphers)
wie ohiain

By = Bous(d) sin(h), Bs = B cos{d) cos(h), Bs = Bsin(d) (1717
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and

{cos(d) sinf H — h))B/A (17.18)
{eos(d) sin(d) — sin(§)cos(d)cos( H — ) B/A

wihich shows that the logus of the projected baseline vector 15 an ellipse.

In order 1o derive the mknowns Ao and Ad the least-squares analysk ls now performed using the
com ponents wy, i derlved at hour angle ;. In the Interesting case where the phase noke of each phase
sample k constant (this eocums when the thermal molse dominates and when the atmespheric phase nolse &
“Iroeen™ ) one can show that the ertor in the coordinates takes a slmple form. For a single baseline and for
relatively high declination sources the pesition error Is of order o /(24 ,‘,&q[ﬂ,-'.i.jjl where o, k the phase
noke and 1, the mimber of Individual phase measurements. This resull implies (as expected a priord)
that lower formal uneertainties are obtained with onger obeerving times and marmower syntheslzed beames.
OF eonrse the positlon measurements are Improved with several Independent interferometer haselimes; the
precsion improves as the Inverse of the square oot of #ln — 1102 lor o antennas ln the array.

We have shown that for a well calibrated Interferometer the leasi-squares it analysiz of the phase
i the [w,v) plame can give accurate souree opordinates However, the exact souree position could ako
he obtained in the Fourler tramsform plane by searching for the opordinates of the maximum brightpess
tem perature In the souree map, The resulis glven by this method should of eourse be kdentical 1o those
obtained in the [w, @) plane althowgh the semsitivity 1o the data molse can he different.

Finally, it Is Interesting to remind that the polar component of the baselipe does not appear In the
equation of the Tinge Megquency which B deduced fmom the time derivative of the phase. There 1s this less
Infprmation in the inge eguency than In the phase.

1T.4 Accurate Position Measurements with the ITRAM Interfer-
oneter

Let 1= start with two general and simple emarks. First, the phase equation glving the angular ofEet & in
Hee 1T.2 shows that higher pesition accumey (namely smaller values of the angular oflset ) 1s achieved for
smealler values of the ringe spacing A /B, [This was demomstrated above in the case of the least squares
analyss of the w,v data.) Thus, for astrometry 1t 1s desirable to use long haselines and for to go to short
wavelengils, However, the latter case implies that the phases are more diffleult to calibrate especially
at mm wavelengths where the atmospheric phase fuctuations inerease with long baselines, Sensitivity &
always Important in radio astromeiry. For a polnt-Tke or eom pact souree the sensitivity of the array varies
directly as I (nfn — 1)1 where D & tle anterna diameter and 1 5 the mumber of antennas, This the
detection speed varles as I n(n— 1) and bigantenmas are dearly advantageous. Comparison of the TR AR
Seelement array with one of s competitors, (VRO with 6 x 104 m, glws a ratlo of detection speed of
1 gver (L35 In faver of the Plateay de Bure array. [Note also that the sikith amienna In the Bure amay
will increase the detection speed by 5% In addition, the large dihes of the IRAM array are good to
perform guick baselipe amd phase calibmtons; the s anotler ¢lear advantage of the IRAM interberometer
in astrometrle ohservatlons.

17.4.1 Absolute positions

To Ihstrate the poteniial of the IRAM array for astromeiry we eonsider here observatlons of the 5i0)
maser emisslon assoclated with evolwed late-type stars. Sirong maser lipe sourees are exeited in the
w=1,0=2-1 wransition of 513 at 86 GHz and easily observed with the sensitive [RAM array. Because
ol molecular energetic requiremenis [(the vibmitlonal state @ = 1 les some HE0 K above the goound-state)
the 510 molecules mist not be located too much above the stellar photesphere. In addithon, we koow
that tle lmner layers of the shell expanding around the ceniral star have slees of onder ope arcseoond
ar less.  Therelore, sub-armsecomd position accuracy B reguired to locate the 510 sourees with respect
to the underlying star whose apparent diameter Is of order 3050 mIllarsecomnds. For aleolute position
measiremenis one mst primarily:
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& golect long haselines to sy ntheske amall beamwidihs,

« make a highly accuraie haseline calibration obeerving several gquasars selecied for theirsmall position
EITOTE,

» ghserve at regular interals two or more guasars |[phase callbrators) In the Geld of each program siar
Inonder o determing the Instrumental phase and to eorrect for atmospherie phase Duetvations,

& observe the program star over a long hour angle interval, amd use the hest estimate of the stellar
epording tes.

Ohr first aceurate radip pesition measurements of 510 masers In stars and Orlon were perlormed
with tle TRAM array in 1991/195%2. We ouiline below some Important eatures of these oleerations
|E.a|w]r_-.r et al IEEH]. We used the longest E-W bhaselime available at that time, about 36 m, this achieving
beams of order 1.5 1o 2 amseconds. The RF and IF bandpass ealilrations wene made accurately using
slrong quasars only. To monitor the varlable atmosphere above the array and to test the overall phase
stability, we obaerved a minimum of 2 1o 3 nearby phase calibrators. Prior to the souree position analysk
wie determined aceurate haseline components; for the longest haselines the r.me. uncertainties were n
the range (.1 to (L3 mm. The positions were obtalsed om least-square fits o the imaginary part of the
calibmted visibilities. [Note that tle 500 sourees belng stoomg, working in the [w, @) or image plames B
eqqidvalent. )

The final pesition measurement aceuracy mist include all known sourees of meertainties. We hegin
with the lormal ermors related to the data molse. This s due to fnlte signal to nolse ratlo (depending
of course on the souree sirength, the total observing tme and the general gquality of the data); poorly
callbmted Instrumental phases may also play a role. In gur observations of 1991 /1992 1he formal errors
woere argiund 10 to A millarseconds. Secondly, phase ermors arlse In proportion with tle haselise error 85
and the offet between the unit veetors polnting toward the stellar souree and the pearly phase callrator.
ThE phaseerror s S{d—ge) = (A0 [ Mueser— k) )20 /X, Ty pleal values are 8 2= (L2 mm and 8k ~ L0F 37
corresponding 1o phase errors of 37 w0 77, that I8 1o say less than the typical baseline resldual phases, A
third type of aror B Introduced by the pesiton uneertainties of the calibraiors. This B not Importan
here because the accuracy of the guasar coprdimates wsed during the olserations were at the lewvel of one
milliare seeond.

The quadratic additlon of all known or measured errors & estimated to be amund Q07 e 0010, In
fact, 1o be conservative in our estimate of the position accuracy we measured the positlons of mearby
quasars slng amsther quasar in the stellar field as the plase calilbrator. The position ofEets were around
0.1 o L2 depending on the ohserved stellar felds; we adopted (01" 1o (027 a5 our inal position aceuracy
ol 510 sourees. The 510 souree coordinaies are derlved with respect 1o baseline vectors calibm ted against
ditant guasars. They ame this determined in the gquasi-lnertial elerence frame formed by these gquasars.

Finally, it 1 Interesting to remind a wselul ride of thumb which one can use lor astromeiry-type projecis
with any connecied-element array provided that the haselines are well calilrated and the Instromental
phase s stable. The pesiton accuracy we may expect from a radio Imterferometer I8 of the order of
1/10h of the eynthesized heam [ 1/30ih il we are optimistie ). This applies to millimeter-wave arrays when
the atmespherie Huciuations are well moniiored and uoderstend. With baselinee lengils around A0 m
ihe TRAM array cannot provide pesition uneertainties much better than about 0056 — 0L1Y at 86 GHe.
Extenslons to ome klometer would be meomssary to obialn a slgnificant progress; the absolite position
measurements oould then be at the level of 3 milllarcseoonds which Is the accuracy reached by the best
optieal meridian eincles.

17.4.2 HRelative Positions and Self-calibration Technigques

We have measured with the TRAM array the absolute position of the 510 emission soirees associated with
each speciral channel across the entive 510 emission profile. Any spatial strocture melated to the profile
Implies different position offsets In the directlon of the star. Such astructure with total extent of aboot 5
milliarseeoms is ohaerved In several late-type stars. This E confimed by recent VLBI ohservations of 5i0)
embsion in a few stars. VLBI offers very high spatial resolutlon bt poor absolute position measure mentis
in line olservatlons.
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The best way to map the relative spatial strocture of the 510 emEsion 18 to wse the phase of one
relerence feature 1o map all other leatures. Thi specirval sell-calilbration techngue B accurate hecase all
reguene y-lndependent. terms are cancelled oui. The terms related to the baseline or Istruomental phase
unertainties as well as unealibrated atmespherie effecis are slmilar Ior all speciral channels and cangel
out In chanme] o chamel phase differenees. By making the diferonce

(#(1) — $lunr)) (W20) = (BIE() — B.6k{vres) (17.19)

where the 5i0 reference channel 1s at equency e we obtaln a phase difference equation whose solutlon
gives the coordinate offlsels Aafr) and Adv) relative 1o chanmel e, ;. The main limitation In such sell-
calibm tion technlgues comes from the themal poke and tle achleved signal to nolse ratlo SNR. The
angular uncertalnty A# can then be estimated with the simple equation A& = 0504/ B) /SNR. Common
prciioe with eonnec ted-element arrays shows that selection of a reference chanmel 1 mot critical; it mst
be strong o general. Sell-calibration proved to be speossslul with the TR AM amay In several stars amd in
Orlon where we lave obialned very detalled relative maps of 510 emission. Detalled relative maps were
also obtained lor the rare botope ®5i0); this emEksion & nearly 2 orders of magpitude weaker than that of
the maln lsotope.

The relative spot maps obtained with conpected-element arrays do not glve the detalled spatial extent
of each Individual channel. This would require a spatial resolution of about ope milliarcsecond which
can gnly be achleved with VLBI technlgues. Note however that VLBI iz semsltive 1o sirong emission
Teatures while the IRAM array allows detection of very weak emission; thus the two technlgques appear to
he complementary.

With 510 spatial extents ol about 5 mIlarseconds and absoliute pesitions at the lewel of 0.1 aresooond
it Is stll difficult to docate the underlying star. We have thus attempied to obtain simultamemsly the
posithon of ome stropg 510 leature relative to the stellar photosphers and the relative positions of the
Hi0 eourees using the 1 and 3 mm recelvers of the IRAM array. This new dual Trequency sel-calilration
technkyee s stll experimental but spems promising.



