Chapter 4

Cross Correlators

Helmut Wiesemeyer

IRAM, 300 rue de la Piscine, F-38406 Saint Martin d'Héres

4.1 Introduction

As we already learned In the lecture on radio Interferometry by 5. Gulletean [(Chapter 2), the Interferom-
eter measums the complex cross-cormelation lunction of the woltage at the outputs ol a palr of antenpas
(1, 5). This quantity, R5(r) is delined as

() = itz (£ + 7)) [4.1]

[the hrackets indicate the time average, see Appendix A). The cross-correlation lmetlon B related 1o the
vislhility lumetlon V= |V]exp (i¢a..) by

Hyj= A |V 008 (200475 — sy 2

where Ap Is the eollecting area of the antenma. Eq 4.2 only holds for a guasi-monoechromatic signal,
Diqe 4 e (oo the bandpass may be represenied by a d-Tunction). The slgnal phase varkes with tlme doe
to souree structure amd atmospherle perturbations [expressed by @aee ), and die o the geomeirie delay
Tg. The timescale that B needed tolully sample a speciral line, given by the sampling theorem [see helow)
Is much shorter. Here are examples of the diferemt timescales:

1. timescale for phase variation by 1% due to souree strocture (for a polnt soume at 980GHz with
Ao = 1Y offset from phase reference center, east-west haseline of 258 m during trasit): 2 min

2 timescale for phase varlation due to atmesplhede perturbations: [depending on atmospherie oondi-
tlons and haseline length): 1sec — several howrs

3. sampling time step or a 80 MHz handwldih: Ar = 6205

4. maximum time lag needed for a 40 kHz resolutlon Ay = 2hus



3G CHAPTER 4. CROSS C\)RRELAT(ORS

armplifisd 1 = -
signaols from twa ltiplier S megrator
Cormpensating
antanmas e g -
aelgy
L W magirary
[girme)
'3 autput
il -
1 23— Multipliar | e | nieqrator I =

phase—shift -

Bl G

Figure 4.1: Architecture of 8 complex eontimium cross correlator.

Inn the Iollowing, I will diseuss digital technlgues to evaluate Bg(r ). Analog methods of signal processing
are highly Impractical In mdio lnterferometry, for malnly two reasons:

1. Imtime domain, high precklon Is meeded.

2. The slgnal needs 1o he ldentically copled, In order Lo ¢ross- correlate the eutput of ne antenna with
the owtpiuts fom all etler antennas, ThE can bhe more easily dome with digital technkgees, than with
anakeg ones.

The first slgnal processing steps am amlog, beginning with the mixing n the heterodyne recelvers. For
reasons that will become clear later (see B, Lucas, Chapier §), only the case of slngle-sldeband reception &
considered. The sidehands may be separated by a perlodic phase shift of /2 applied 1o the local esellator.
The slgnak are demodulated in two different ways by the correlator. At the eniry of the correlator, Miers
are Ingeried, that are 1=ed 1o select the Intermediate foequency bandpass. The Tollowlng slgnal processing
sleps are digitally implemented, and are performed within the eorrelator:

1. Sampling the signal: in oxder to digitiee tle signal, it meeds 1o he sampled. Bandw dib-limited signak
[Le. containing Megquen:les hetween sero and Av) may e sampled without loss of Interformation i
the samples are taken at time Intervals Ag < 1 /(24w

2. In order 1o numerbcally compite the eross eorrelation lmetion, the slgnals have o be discretized.
The data are aflecied by such a gquantization, but may be corrected for 1t. However, the loss of
Information canmot be recovered and degmdes the correlator sensltivity.

3. Delay compensation: the geometrle delays are ellminated lor slgmnals received rom the direction of
the pointing center. Remaining delays are die to souree strsetume

4. Untll mow, everyihing s dope In the time domain. However, for specimoscople applications, the
desived output s the cross power speciral density, amd not the cross correlation lunetion. These
quantities are Fourler-translorm pairs | Wiemer- Khind chine theorem ). The iranslormation can he
elficlently done by a processor performing a Fast Fourter Transform.

The plan of the kectumels as lollows: after the basie theory, T wil talk about the correlator In practice. Both
Intrimsie Imitatioms, and system-dependent performanee wil be decissed. For lirther reading, the hook
of [Thom pson et al 1986] (chapters 6 - &), and the introduction by [D'Addario 1988] ame recommended.
Finally, a5 an example, the ¢urrent correlator system on Platean de Bure, and lis upgrade in the near
Tuture, wil be presented.
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Figure 4.2: Archltecture of a com plex speciroscople eross eorrelator.

4.2 Basic Theory

The “heart™ of a8 correlator ¢onsisis of the sampler and the cross-correlator. Eq.4.2 represents an ower-
slmplified case, beeause the bandwidih of the signals & meglected. The correlator output ls rather modifbed
by tle Fourker tramsiorm of the band pass lunetlon. For tle sake of simplicity, let us assume an dealised
rectangular passbhamd of widih Mg lor both antennas, ceptered at the Intermediate regquency we, le.

H — ip 2
)= s = { ¢ S el

(43

[this assumption will be relaxed later). The comelator mspomse o this band pass 1s the Fourker iramsiorm
of the cross power spectium B ()5 (1), which & shown In Fig. 4.3

sln [adier)
Al

The correlator output comslsis of an eeclllating part, and a sin(z)/x envelope. I the delay v becomes
ton large, the semsitlvity will he slgnificantly decreased due to the sine lunctlon (see Flg. 4.3). Siricily
speaking, thk I8 the response 1o the real part of the handpass, which s symmetric with respect 10 negative
fregquencies. The imagipary part of the handpass B antlsymmetric with mepect to megative frequencies,
thus the cormelator ssporse B diflerent. The separvation of real and Imaginary parts in eontimmnm and
specimseople correlators will be discussed helow.

ThE ecample shows that accurate delay tracking [[Mlnge stopping) 18 needed, I the bandwldih B mot
any more negligihle with respect to the Intermediate reguency. In other words, the compensating delay 5
neads 1o keep the delay tracking error Ar = 55 — % at a minimum. The offet kAd ntroeduced in cormelator
channel k needs 1o he applied with respect to a fixed delay. In the lollowing, the cormelator response 1o a
rectangular bandpass will be expressed by the more gereral instmomental gain fusetlon Gyir), defined by

f:ﬂ'i[l-‘wllﬂj'[lﬁrilmp (2niner)dine = HiAung exp ({2704 (4]
L]

ﬂu[ﬂ's[ﬂilﬂj'[ﬂlﬂp [(Zwisr Jdv) = Gjlv)exp [ZaivgT) [45)

Gijlr) = |Gyl |exp (ida ) Is & complex quantity, Including phase shilts dee to the analeg part of the
recelving system [amplificators, fMters)' . After fringe stopping, the single-sideband response of correlator

'Berause v b mestricted 1o a maximum time lag, this instrumenal gain factor does not describe long- term: varlations.
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channel k becomes [for detalls, see B. Lucas, Chapter §)

Ryal) = BylkAf) = |V(|Gy|Re fexp (£2ning fr + kAL — dpan +ipg)}
|V (|5 oo [ E2ap (1 + RAL) — @0 ) [445)

where the plus sign refers w0 upper sldeband meception, amd the mins sign refers 1o lower sldeband
recepiion. From Eq 4.6, we immediately see that the reskiual delay error (due 0 a norperfect delay
tracking) enters as & constant phase slope across the bandpass (with oppesed slgns in the upper amd lower
sldehands). The effect of such a phase slope on sensitivity wil be dEcissed later. In order to determine
the phase of the signal, the Imaginary pant of By(r) has to be simultanesusly measured. In a continmm
correlator [Fig. 4.1), a #/2 phase shift applied 1o the analeg sgnal yields the Imaginary part. The slgnak
are then separately processed by a cosine and a siee correlator . In other words: the pattern shown in
Fig. 4.3 Is measured In the close vicinity of two polnts, namely at the origing amd ai a quarter wave later,
Le. at v =17 [ding). Note, owever, that due to the sine-envelope, the decreasing response linetlon cannpot
he meglected I the bandwldih s comparable to the Intermediate eguency.

In a spectroscople correlator (Fig. 4.2), the imaginary part can be entively dedueed Tom the digitised
slgmal: I Wy Is the mumber of complex spectral chanmels, 28, time lags are wed, oovering delays Tnom
—Ng Al 1o [Ny —1) A8, The correlator output is a real slgnal with even and odd components (with respect
to time lags of opposed signs). The & complex channels of the Fourler tramsform at positive mequencies
ylelds tle cross power speclrim:

rislve) = mifkove) = [ Ryl exp Rrivet)i (47)
N —1

= 3 (w47 +IAD) exp (2nilk{2 Na,) (48)
FE—

[Ior channel k ol a total of Ney complex chanmek). The last expression representis the distrete Fourler
tramlorm. According to the symmetry properiies of Fourker translorms, the even compoment of the
correlator output becomes the real part of the complex spectrum, and the odd com ponent becomes the
Imaginary part. The Fourler tramsform is efficlently evaluated 1sing the Fast-Fourler algorithm. In practice,
it s rather the digital measurement of the eross-eorrelation Tunetlon Bye () that s non-irivial. It wil be
dicissed In detall in Sectiond. The ensemble of cross-power spectra ri; (i), after tracking tle soures lor
some time, beopmes (after callbration and several imaging procesaes) a chanpe] map.

4.3 The Correlator in Practice

In order to numerically evaluate the eross-correlation funciion B, the continuos signals entering the cross
correlator need 1o be sampled amd quantised. According to Shannon's sam pling theorem |Shn.rm-:m l!H!I],
a bandwidih-limited slgnal may he entirely recoversd by sampling it at time Interals Af < 120 )
[alsn called sampling at Wyguist rate). The diserete Fourler translorm of the sufflclemtly sampled oross-
correlation Tunctlon theeretleally yields the cross-power specirum without kss of nformation. Howewer,

In practee, two Inirisic lmitatio s exist:

# In order to diecreilee a slgnal, it B not only sampled, 1t ako has to be guantised. The ¢ross-
correlation Tunction, as derlved from guantized signals, does not equal the cross-correlation lmetlon
ol eontinsous signals. Moreover, the sampling theorem does not Iold anymore for guantleed signals.
The reasons will become clear helow.

# Eq A7 theoretically extemds from —oo to 400, In practioe [Eq.4.8), only a masdmum time lag can
he considered: limited storage capacities and digital proosessing speed are evident peasons, another
limiting factior aw the different timescales mentioned belore. The abrupt eutedd of the e window
affecis the data.

Far ihe sake of completeness, i should he menioned that this & a special case of the so-called Hilbert transform, which
propenty ko change signal phases by 72, bt 1o lkeave amplitudes unchanged.




4.3, THE CX)RRELATOR IN PRACTICE k)

A
Wy &
i 0w [
\ L i Rel Ay "'Illr
] B ox _.""
o e iRy I
o1 o iton * J
Tl gl I
r‘||||=:==I'|II=-Ii'ﬂ'l - I
| 1 i o
-xj!lllil:|l::ilui||||v,-—!- = . /
[ P H L
i ] i | 1 i =
TR TR B /
|: 1 |: |I | I.I - . ;.-'(
R 5 s
) IJ: i|| |,| rd
L e S 4 /
-
o
.-"'-J
I
teutten [5] .

Figure 4.3 Lefi: Correlator outpul [slngle-sldeba nd reception) for a reclangular passhand with g fog =
.2, Due to the signal phase @, the cecillations moves through the sine envelope by @gn /200, The
ghifi may alse he die 1o the phase of the complex gain (o this case, the shifi would be in opposed sense
for USB and LS5B reception). Right: Sensiivity degradation diee to a delay ermor Asg (with mespect to
the lnverse [F handwidih)., The effect is due to the all-off of the sine emeelope.

These “Intrinsle™ lmitations ave diseissed In Sections 4.3.1 amd 4.3.2. The system-dependent performanos
will be addressed In Sectlon 4.3.3.

4.3.1 Digitization of the input signal and clipping correction

As already mentloned | sam pling at the Nygulst rate retains all information. However, gquantizing the Input
slgnal leads 1o a loss of Information. This can he gqualitatively understood 1n the Iollowlng way: In omder
to reach the next dis¢mete evel of the transler lunction, some ofEet has to be added to the gnal. IT the
lnpit glgnal B random molse of sero mean, the oflset 1o be added will ako he a ramdom signal of wero
mean. Inother words, a “guantization” noke k& added 1o the signal, that leads 1o a loss of Information. In
addition, the added polse s not anymore bandwidith Dmited, amd the sampling theorem does not apply:
aroersam pling will lead to Improved sensitivity.

Many guantization schemes exit (see g, [Cooper 1970]). It is entirely sufficient to use merely a fow
quanium steps, I the erosscorrelation lnetion will be later cormected for the effecis of guaniization. Bor
the sake of Mustration, the transber Tunetion of a four-level 2-hit quaniization & shown in Fig. 4.5 Each of
the four steps Is assigned a sign bit, and a magnitude hit. Alter discretking the signal, the samples from
gnge antenna aw shified In tlme, In order 10 compemsate the geomeirle delay rg(t) The correlator mw
pmoeeds in the following way: lor each delay step Ad, the corresponding slgn and magnitude hits ave put
Into two reglsters (one for the st antenna, and one for the second). The secomnd reglsier s suoeessively
ghified by one sample. In thl way, sample pairs [om hoth antennas, separated by a suecesslvely longer
time lag, are created. These pais are mudiiplied, using a8 multiplication table. For the case of Jour-lese]
guantization, it is shown in Fig 4.5 Producis which are assigned a value of £0% are called “high-level
prvducts”, those with a wlue of £0 are “Intermediate-level prodpcts” |, and these with a valioe of £1 “low-
leve] prosdueis™. The products (evaluated uslng the muliiplication tahle In Fig. 4.5) are send to 8 connter
(o eoumter for each chanmel, Le for each of the diserete time lags). Alter the end of the Integration
eycle, the counters are read out.

In practice, the multiplication table will be shified by a positive oot of 57, to avold pegative prodoeis
[the oflset needs 10 be eorrected when ithe counters are read out). This s because the comier ls slmply
an adding deviee. As amoither simplification, low-level products may be deleted. Thie makes digiial
implementation eader, and accounts for a kes of sesitivity of merely 1% (zee Talle 4.1 Finally, not all
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bits of the counters’ eontent mead to be tramsmitted [see Section3.3.2).

Belore the normalised contents of the counters amw Fourber-tramslormed, they meed to be oorrected,
hecaise the eross-correlation lunetlon of quantised data dees not equal the eross-oorrelation Tunetion of
continpous data. This “¢glipping eorrection” can be derlved using two different methods. As an example
for the case of full 4-Jewel quantlzation:

# Four-level cross-correlation eopeflicient according to the muliplication table Fig. 4.5 The ¢ross-
correlation eoeflickent p B a normalked orm of the eross-correlation Tunetion [see A ppendic 4 ):

[ Mo o1 — 280, 1 W Nomm — Noon Moo, o0 — Noo, 10
_ (N 2N, ) + dn [N Nooa1) + 2 (1 Moo, 1)
2in®* Now g + Noopoje=1

(4%

where N5 a0 Is the number of counts with sign bt { and magnitede Wit § at time ¢ (st antenna),
and slgn bit & and magnitede bit [ at time £+ 7 (second antenna). +0 18 the prodect wlue assiged
to intermediate-level produscts.

& Clipping correction, first method: ewaluate the 5w In Eq 4.9, using joln probahilities Py a0 (see
Appendix A for the definition of the jolmly Gasslan probability distribution), sech as

e == —[* + 3 — Zpry)
Num = NRam = Enal l— f ‘f L Ea*[l T d xdiy (4.10)

[N 15 the mumber of slgnal palrs, separated by the time lag of the chanme] wmder conslderation, o, B
the clipping voltage, see Fig. 4.4).

» Clipping eorrection, second method: sing Price's theorem for limetions of jolnily random varlables.
The result, derived In Appendix B, B shown In Fig. 4.4:

"y = i—ﬁf;#{[n —17 [n.'-;.j:l (;:-F[:Pf;r) + exp [:;:-l_-[‘-'g'_“q:]]
+»1[n-nmp(,;;n!§;.1:] +2}.¢r. (411}

Although the dEcrete, normalieed emss-correlation linction and the continums oross-cormelation eo-
efficlent are almost lnearly dependent within a wide range, the oormection & mot trivial. An analyteal
solution & only pessille for the case of two-level quantization [ *van Vleck correction™ [Van Wleck 1966)).

In practice, several methods are wsed (o mpmerically Implement Eqg 4,11 (1o the lolowing, the indec
k means k-level quantization). The integrand may be replaced by an Interpolating poly momial, allowling
to anlve the integral. One may alsao constrisct an interpolating surface pf Ay, ). As already discussed, the
clipping ¢orrectlon cannot recover the loss of sensltivity doe to gquantization. The loss of semsitivity Tor
k-level discretization may be found by evaluating the slgnal-to- nolse ratio

Ry e
NPT DI S 412
* e T ViR - R (412)

Inpmder o minimize the loss of semsitivity, the cipping woliage (with mspect to the nolse o) meeds to he
adjisted such that the correlator efficlency curve in Flg. 4.4 B at lts maximum. The cormelator effielency
is defined with respect 1o the slgnal-to-noke ratio of a (Betlve) contimms cormelator, Le

ek _ ok
AP .I':';*"'Tq

e = (4.13)

where Ny Is the mumber of samples. Tabled.] summarises the resulis for diferent correlator types and
samplings.
Dige 1o the disgreiieation of the Input voliages (as shown in Flg. 4.5, any knowledge of the absolute

slgnal value 15 Josi. The signal amplitede 1s recovered by a regularly performed calibration [sing a
callbmtion load of knewn temperature, lor detalk, see the lecture by A Dutrey).
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Figure 4.4: Lefi: Clipping correction (cress correlation coefficient of a continugus signal vs. cross cor-
relatlon correlation coeflicient of a quantized slgnal) for two-, three- and four Jevel guanilzation (with
optimized threshold voltage). The case of two kevel gquantization is abo koown as van Vieck correction.
For more gquantization level, the cipping correction beeomes smaller. Right: Correlator efficlency as
function of the dipping voltage, for three-level and four-level gquanibeation (at Nyguist sampling).
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Figure 4.5: Lefi: Transfer lmetlon for a 4-level 2-bit correlator. The dashed line corresporsds o the
iransfer funciion of a (fictive) continums correlator with an infinlie number of infinitesimally small delay
steps. Right: Multiplication table. Siz) B the slgnal hit at time £, M{z) Is the magnitude bit at time £
[respectively S(y) and Miy) at time £+ 7).
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Table 4.1: Correlator pammetes lor several quantization schemes

methsd 1| T [ ] Tp.li“ for
sampling rate
ml:l -'I.&J.AE.”

two-level g .74
three-Jowel (LGl &8l (.80
four-level | 3 | Lk .88 | s

4 | 095 (.88 .5
o=l vl 1.0 1.0

Motes:

(1) The ¢orrelator efficiency s defined hy Eq. 4.13.
The wlues are for an ldealized [rectangidar)
hamdpass and alter level optimiea tlon.

[2) Nygubst sampling,

[3) oversam pling by lactor 2

[4) AT I low level producis deleted

[ease of Platean de Bure corpelator)

Tahle 4.2: Time lag windows

Description | Lag window

Spectral window

metangular | w(f) = 1 lor [f| < 7, else O
Bartlett wit) = 1— & for |f] € 7,,, ebe 0

von Hann | w(t) = 4 (1 +.m[:—*j:] for [¢] € 7, else 0

Welkh w(f) = [1 - [éf:]

()" ro(2)’
Pareen w(f) = T Mjﬂ Tan 2

2(1- 4

for Tuf2 < | < T

(w) = 2r, Salieo]

Wk

) 3
D) = T, (M:}
'IEI[J.-':I = Ty * H—hjLT::-I TR ”L_-I

D) = ot () - om(anum))

o) = 1 (*57)’
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4.3.2 Time lag windows and spectral resolution

Agpording 1o the sampling theorem, we can meeover the cross-power speciral demsity within a handwidih
Dune = 1[2A8), I the sampling step 1s Af. The ¢hannel spacing de is then determined by tle mas imom
time lag .. = NaAf (where Ny, s the number of chamels), Le.

1 1
W= = AN, A (4.14)
However, the data acquisition s abruptly stopped alter the meacimowm time lag, After the Fourler trams{orm,
the ohserved ¢ross power specirum s eomvelved with the Fourler tramsform @) of 1he hox-shaped time

window (i), producing strong sidelobes:

1

"J[’?={n' 7] € Tamn }#M:&mdn[mm:

415
P [4.15)

@lse
These gecillations are especially anmoying, I srong lnes are observed. They may be mindimized, i the
ho-shaped time lag window 1s replaced by a Iunetlon that rlses from sero to peak at megative time lags,
and decreases to sero at positlve time lags (apodiation). Such a window Tunetion sup presses the sidelobes,
at the oot of speciral resolutlon. A comparison hetween several window [unctlons I8 glven In Fig 4.6,
together with sldelohe levels and speciral resolutions (defined by the Fwip of the main lobe of the speciral
window). Table 4.2 summarizes the various Tunctions In time and specim] domains, The default of the
Plateay de Bure oorrelator B the Welch window, hecavuse it st offers a good spectral resolution. Mone-
gver, the gecillating sidelobes parily cancel out the contamination of 8 ¢hanmel by the slgmals In adjacent
chamnels. O corse, the olserver 1s ree to deconvolve the spectira [vom thes delaul window, and 1o wse
angther tme lag window.
MNote: IT you apodise yor data, not only the efectlwe speciral resolution s changed. Due to the sup-
pmession of melse at large time lags, the sensitivity I8 Increased. The varlance ratio of apodized data o
unapodized data,

f - wis)|*ds = f - [id (1) e = 1/ Ba [4.16)

deflines the molse equivalent bandwidih Ba. It B the widith of an deal rectangular specim] window [Le.
wie) =1/ By with zero loss Inslde || < e /2, and Infinite loss outslde) contalning the same nolse power
as the actual data. For sesitivity estimates of speciral lie observations, the channel widih to be med B
thus the molse equivalent width, and peither the chanmel spacing, nor the effective spectral msolution. Bor
commonly sed time windows, Fig. 4.6 glves the molse equivalent handwidils.

4.3.3 Main limitations

In real life, cross-correlators are sub ject 1o the performance of the whole recelving system. This comprises
the “amaler part” (the slgnal path fom the ecelvers 10 the IF flers at the correlator entry ), and the
“digltal part™ [everyihing behind the sampler). Altheough tle analog part B ot of the cormelator, iis
performance regquines to change our assum pilons coneerning the Input data. This eom plicates the analysk
al tle correlator response.  The lollowing dBcisslon mlers o Istantanesus ermors only. Howewer, in
Interferometrle mapping, sean-averaged visihilitles are used, and the data may be less aflected.

Analog part

The shape of the bandpass lmetion [amplitude and phase) at the correlator output 1s mainly dee 1o the
correlator's esporse 1o the Mies seried in the IF bhand at the correlator entry. So far, lor the sake of
slmplicity, rectamgular passhands, ceptered at the intermediate egqueney e, ave been assumed. 4 more
com plese [amd more realkile) case may be an amplitede slope where the Jegarithm of the ampltede varies
limeady with fequency. Although the hapdpass Tunction will e calibrated [see Eq.4.17, and B.Lucas
chapter 5, the efect of such a slope on sensitivity remaing. A derbvation of the signakio-noke ratio for
that case B beyond the scope of this lecture. To give an Impression of the order of magnitede: a slope of
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Figure 4.6: Several iime lag windows, and their Fourler tramsforms [normalized io peak). The sidelohe
levelk SL are indieated, as well as the spectral resolution (defined as the FWHP of the main lobe), and the
noke equivalent width. The delay stepsize, and channel spacing ave indicated for the following example:
2056 channels, clock rate 40 MHz, resulting in a chanme] spacing of 78.125kH=.
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Table 4.3: Effecis of delay pattern on the sensitivity

Intermediate reguency bandwidih e = L) MHz
Baseline b= 10{im

Zenlth distance of souree In directlons | & = 3P

Resulis in geometrie delay: 7y =b-gle=0.1Tps
Attenuation acoonding 1o Eq.d.4 1%

3548 (edgeto-edge) leads to a 2.5% degradation of the sensitivity caleulated for a rectangular passhand.
A genter [requency displacement of 5% of the bandwidth leads to the same degradation.

As already demonsirated, delay-setiing ermors linearly increase with the intermediate reguency [Eg. 4.6).
Table 4.3 glves an Impression of the decrease of sensitivity due 1o a delay error. For a range of delay errors
A the effect Is also shown In Fig. 4.3, Forexample, a delay ermor of 012/ Adye aceounts for a 25 % degra-
datlon. Delay ermors are mainly duee to naccurately known antenna pesitions [asking Ior better haseline
calibm thon ), or due to ermors In the trasmission eables.

Phase errors across the bandpass may also be of random mature. 4 phase fuctuation of 12,87 [rms)
per scan leads 1o a degradation of [1 — exp [—aill'ﬂ:l:l ® 1% = 2.5%. Fluctuations acmss tle bandpass
also appear as ripples. They may have several reasons, amwd are malnly dee to the Gikbe phenomenon,
and due o reflections in the tranemission cables. A slmsoldal handpass ripple of 22948 [peak-to-peak )
yieldz a 2.5% degradation in the signal-to-moise ratie, The Gibls phenomenon also oocurs in singledish
auiooorrelation spectrometers. For the sake of listration, let 15 again assume a perlectly flat response of
recelves and filiers. Howewer, the Aier respomse Iunetion is only be flat across the IF passhand. Towands
its boundary, steep edges oecur. We already learned that strong specival lnes may show ripples, 1 mo
speclal data windowing In time domain ls applied. The (Gibhs plemmen s dise to 8 similar problem
[Tt mow the speciral line B replaced by the edge of a fai rectangular band extending in foegquency Tnom
wero 1o Aip ). The output of the cosine correlator ls symmetrie, but the slee output [Imaginary part) &
antlsymmetrie, thus Inclixding an even steeper edge. Comvolving this edge wiith the gine luncition (e the
speciral window) pesulis In strong oscllations. Let s call this Tunctlon fle). For calibraton purposes,
the (Gibbe phenomenon kas 1o be avolded: the problem s that callbration uses the sysiem response 1o 4
fat-spectrum continum souree. A source whose visibility 1s V(i) Is seen as fiv) * (G0 )V (1) [where
G Is mow a frequency-dependent complex gain lunction). After calibration 1t becomes

L i) e [GyeV )]
g — iy el 417
W= G 1)

You immediately see that the complex gain O5ile) dos ool cancel gut, as desived, and 1-}[1-':I # Vvl
Automatic calibration procedures have 1o fag the chamnels coneerned. As shown in Fig. 4.7, for the cosine
correlator, the effect Is strongest at the bamd edges, but the ouiput of tle sine eorrelator also shows ripples
in the middle of the band [thus, the problem s of greater importanee lor iImerferometers than for single-
dih telescopes 1sing auto¢ormelators). I the bandwldih 1o be olserwed Is synthesieed by two adjacent
fregquency windows, the phenomenon Is strongest al the band center anyhow. You should aveld o place
your line there, 1Tt 15 on top of an important continnm. To what extent the Platean de Bure syslem &
coneerned, wil he discussed in Sectlon 4.4.1.

The ahove summary of the system-de pendent pedomance of a correlator I8 mot exhaustive. For exam-
Pk, the phase stability of tunable Mies, which depends on their physical temperatiore, 1s not discussed.
Alternatives to such fiters are lmage ejection mixers (as applied in the Plateau de Bure correlator, see
last seethom ).

Digital part

Errors Indueed by the digial part are generally negligible with mspect o the analeg part. In digiial
delays, a hasle limitation & glven by the discrete mature of the delay eompensation, which cannot he more
aceurate than ghven by the clock period of the sampler. However, digital techngues allow for high clsck
rates, keeplng this error at 8 mindmum.
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Figure 4.7: The Gibls phenomenon, The comvolution of the bandpas with the (unapodized) spectral
window [(sine function) s shown for the real and imaginary parts. Note that for the real part, the
plenomenon s strongest at the band edges, whereas for the Imaginaty part, it contaminates the whole

hamd pass.
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Table 4.4: Maximum Integration time of a 1é-hit counter

clock freguen:y: A MHe

welght lor Intermediate-lovel prodiscis: u=23

positive oflset: nt =

welght for autoeorrelation poodset: 18 [using offset multiplication table)
carry out rate of a 4-hit adder 182 = 1135

maximum integration time: 3 (A MHz = 1.125) = (.T3ms
same with a 4-hit prescaler: 3 g 3 FAD MHz: = 1.125) = 11.7 ms

Evidently, a hasie limitatlon & given by the memory of the ¢ounters, setting the maximum time lag
[which in turn defines the specim] resolution, as already discussed ) with 2K bits, we can exactly represent
N pumbers. However, the nformation eontalned In 1he bits Is mot equivalent. For the 3level eorrelator,
the putput of each chanmel i = 1,.., W 1s

Riiy= % (:H: v"!h_'-”lll —ml'(u,:,,-'-.,-'ﬁ) | [4.18)

[assuming white, Gasslan molse of sero mean and of unit varlanee, awd peglecting the weak contribtion
al the astrophysical signal). The lo-precision of the ouiput B o= o' N (2, comtalned In the last K — 1 biis,
which thus do not med to be tmmsmitied. The maximum Integration time helore owerfiow oocws B set
by the mumber of hits of the counter, and the clock Teguency. Table 4.4 shows an example.

The only error caise doe 1o the correlator that 1s worth to be mentioned 15 the sampler, Le. the
analpg-to-diglial conversion. As already shown, the threshold levels ave adjusted with respect 1o the molse
inthe unguaniized signal. However, the molse power may change during the integration Inthat case, the
correlator does ol gperate anymore at s optimum level (see Fig.4.4). ThE error case can be ellminated
with an automatic Jevel control eireult. However, slight deviations from the optimal level adjistment may
remain, Without golng too far ino detall, the deviations can be decomposed In an even and an odd
part: in ome case, the positive and negative threshold voliages move Into opposed divections [even part
ol the thoshold error). The resuliing error can be equivalently Interpreted as a change of the signal lewel
with respect to the threshold iy, and leads to a gain error. In the other case, the positive amd negative
threshold voltages move into the same divection [odd part of the threshold error). Ths emor, Iowever, can
he reduced by periodie sign reversal of the dighized samples (11 the local secillator phase s slmultameomsly
shified by «, the correlator output remains unalfected). Combining the original and phase-shified outpois,
the error cancels owt with high preckion. Such a phase shilt Is Implemented in the frst local escillators
of the Flateau de Bure system [for detalls see the lecture by R.Lueas). Note also that threshold errors
of up to 10% can be tolerated without degrading the eorrelator sensitivity too msch: the examination of
Fig. 4.4 shows that seeh an error resulis in a signal-to-noise degradation of less than 0.2 5% for a 3-level
system, and of less than 0.5 % for a 4-level system [the maxima of the efficiency enrves are rather hroad).

Another prohlem is that the nominal and actual theeshold values may differ. The ermor can be deseribed
by “Inde¢ision reglons™. By caleulating the probability that one or both slgnals of the cross-oorrelation
pmvduct fall into such an ndecislon reglon, the ermor can be estimated. With an indecision region of 10%
of the mominal threshold value, the ermor B negligihly small

Finally, it shold be moted that strict synchronization between the cosine and the sine correlators s meaded.
Any deviation will niroduee a plase error.

4.4 The correlator on Platean de Bure

As ap example ol a eross-eormelator 1sed In mme-wave Interferomeiry, [ briefly Introduce the cormelator
system on Plateau-de-Bure. Only a spectroscople cormelator B In se. Contlnmim bands are syt hesized
by chanmel averages covering the desired bandwidils, Aspecis eoneerning contrete olserving projects are
addressed In R, Nerl's leciure [(Chapter ).
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Talle 4.5: The Complex Cross Correlaior on Platean de Bure

Bandwldih Sidehand Clock Time Number | Complex | Chanmel Speciral
of IRM'! | Rate | Mulilplex | of Lags | Chamnels | Spacng | Resolution [MH:z]
[MHz] [MHz] | Facior () [MH:] [EY] )
G USE + LEB | 40 1 (7] [ TR | 3025 [ 4000
A USE 4+ LEB | 40 4 128 128 OE25 | OTEG [ 1000
40 USE 4+ LEB | 40 2 204 204 M1SG | 0188 [ 0250
) UsB 40 2 R 204 OOTE | O0od | 02
10 U4SB ) 1 LR 204 0030 | 0047 | 002

MNotes: (1) image rejection mixer (2] with negative & positive tme lags (3) box-shaped time-lag window
[4) Weleh time-lag window

44.1 The current system

The ¢ross-correlator eurrently in use on Platean de Bure, called casmeMBERT, comprises six independent
unita. It consists of theee paris: an IF procssor (oegquency seiting, low-pass Hler selection, oecillator
phase comtmol - Le the anakee Tunetlons), a digital part, controlled by a master processor (Le. delay steps,
clipping correction, FFT, small delay corrections, hamd pass eorrection ), amd a satellite micro reading out
and Turther processing the ¢ormelations.

Each unit can be placed in the [L00,600] MHz IF band, in steps of 0G25MHz (by using a third
fregquency comversbon). The 40, 80 and 1G0MHz handwidihs am synthesized by the adjacent upper and
lower sldebands of an Image rejection mixer. Low-pass [iers select the desired bandwidih, Nete that
these handwidths show the Gihls phepomenon right in the middle of the hand (le. at the edges of the
IBM sldehamds). The cemiral two channels are Aageed by delanli, the oleerver should aveld o place the
most imporitant part of the Ine there. The 1) and 20MHz bandwidihs do ot have the msitetion: for
the A MHz bandwidth, only the upper sideband of the IRM b med. The 1 MHz bandwidih jonly wnit
5 B produced hy slowing down the ¢lock rate Toom 40 to 20 MHz. The specimsoopl capabilities of the
eross-oorrelator at Platean de Bure are summarized In Table 4.5 Part of the Qedblity ls achleved by
using the “time-multipleding” technkyue. For example, a time-muliplexing [actor oo means that the
data, arriving at a rate of 160 = 10* samples/s, are alternately put into four shift-weglsters. The shift
registers are read out at the clock Tequency of A0MHz, thus creating for data streams taken at a rate
that Is lower by a factor of Iour (a5 compared to the sampling speed). Egquivalently, a time-muliiplex faeior
tw means two data streams at a rate of 80MHe each.

4.4.2 Future improvements

The mexi-generaton correlator for the Plateau de Bure Interferometer will allow for more Qexibilivy, due
to the following lmproveme ns:

#» glohal handwldih: 2560GHz (v, 006 GHz In the current system),

# [exihility: & units with ¢hanmel spacings In powers-ol-2 sequence [(ve. § unlis, ¢hamel spacing in
powers-ol-4 seqguenoe )

» glohal digiial performance: 9.8 Teramuliiplications per seeond [ve 13 TMz"").

These Improvements are made possible by wsing new, more Imegrated techoology at hoth analog and
digital signal propessing sleps.

Jan acvanym for Correlator Architatere for Multi-Blement or Multi-BEom Rodio-Telescopes
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4.5 Appendix

4.5.1 BSummary of definitions
* Cross-correlation function of voltage outpuis o and o from antenna paic (i, §):

1 T
Rylr) = (ot t+7) = Jim - [ wlthute+ nja (4.18)

« Covarlanee of two jolntly random variables:
= (21 — (2} {n) [4:20)
For signals of wero mean, and again dentifying © = w(f) and y = vt + 1),

=Ryir) (4:21)

# Cross-correlation eoeflficient of two Jointly random varialles ¢,y of varianee oF and a::

II'J.
= ola?

[423)

For jointly mormal random variables of sero mean and of varlanee of = (%) — ()% = (%), and with
z=wt) and y = y(t +7), the cross-correlation lmetion f; (1) and the cnoss-correlation coeflicient
are mlated Ty

Rylr)= pa* [1.23)

« Blwandate (Gassian Probability Distribution:
Assume two Gassian random variables # and g, both of sero mean, and varlanee o2, The probability
plx, g dedy that the value of # 15 hetween 2o and w0 + de, and that simultanesusly the alue of 3
between o and yo + dy, 18 glven by the Jointly gassian probahility disteibiotion

— (23 + 4 — Zproyo)
=p ( 5021 = 7] ) [4:24)

1
Pl i) =
Taa /1 —
I gur ease, the varlahle ¢ Is asslgmed to the output voltage of antenma 1 at time £, and g the eutput
voltage of antenna § at tdme { + 7.

4.5.2 Clipping correction for 4-level quantization

The following determination of the ¢lipping correction & due to [Hagen et al 1973]:
Clven two jolnily mormal random varlables ¢ and y with covarlance g, and glven some arbiivary Tunetion
gz, w), Prige's theorem states 1lat

dmalewl) _ ':rﬂ"‘“y[r.:.ri]I _ f“ f“ gz, y)
dpm demiym ey
For random signals of sero mean, the covariance o s Identical with the eross-correlation funetion By ()
defined In Eq. 4.1, As shown by Eq.4.1, we need 1o accumulate producis of the vollage outputs of two
antennas (1, §), but wslng the gquantized signak ratler than the contimious ones. Thus, with the ldenti-
fication = = wlf) and y = w;(f + 7)), and using £ and § for the quantized signals, we can apply Prices
theorem to the 4-kwel emss-oorrelation metion By = (&) sech that
dRy _ adRy _ diE) _ o [T (T 0F &
G =R = = Fa " gy P videdy (4.26)

Pl pidedy (425)
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(B = po® denotes the continuos ¢ross correlation Timetion, for the sake of simplicity, antenna indices are
gmdtted). The partial derlvatives in the Integrand are easily Toumd by ising the tramsfer Tineton shown

in Flg. 4.5
F= 6zl + (n— 1) [Bz — w) — -z —w)| B[ —x)
where z) =1 for 2 = (), and 0 else. This,

oF _
e
Be-writing Price's theorem, we find

(2} + (0 — 1) [8[2 — wo) + Sz + 1wl

Ry

- E?J"_:J{:[EJ[IJ-I-[ﬂ—l:l|5[1—1-'n:|+5[1+1-'n:|]:|

< (28(y) + (0 — 1) [y — wo) + 8y + vo]) plx, y)dedy.
Insering the jolnly normal distribotion ple, @), and evaluating the Integral yields

dR _ a?ﬁ{[ﬂ 1 e (757 ) + e (5755

dﬂ = {1+p}

+-1[=.—13mp[:m,'—l“qf;—|:] +2},

ar, alternatively, the integral lorm given n Eqg. 4.11.

427

[428)

[428)

[4.30)



